In this paper we study the possible relationship between the Birth of the Double Scroll [L. O. Chua et al., IEEE-CAS 33 (11) (1986) 1073] and the homoclinic bifurcations in the traditional Chua's equations. Using a one-dimensional PoincarÃ e map we determine the existence of secondary symmetric homoclinic orbits of Shil'nikov type, born with the Chua's attractor, connecting unstable and stable manifolds of the trivial equilibrium point. In addition, taking into account the presence of other homoclinic orbits for the asymmetric attractor and heteroclinic orbits for the symmetric attractor (connecting unstable and stable manifold of the non-trivial equilibrium points), we suggest a hypothesis about the Birth of Double Scroll structure on the ( ; ÿ) plane.
Introduction
Chua's circuit [1] has become a very interesting dynamical system, with a wide number of possible applications in electronics [2, 3] . It is a rather simple electronic oscillator (in the simplest case, it consists of four linear elements and one nonlinear device) and its autonomous nature makes the system very suitable for laboratory and computer simulation studies. In this paper, we deal with the traditional Chua's equations, written in the following dimensionless form: 
where and ÿ are positive real parameters and h(x) is an odd-symmetric three segment piecewise-linear transference curve, with slopes a and b. System (1) presents three equilibrium points and the parameters and ÿ do not affect their location. The planes U ±1 = {(x; y; z)=x = ±1}, where h(x) has discontinuous slopes deÿne three di erent domains; we choose a = −1=7 and b = 2=7 to locate the three equilibrium points at each region. Taking into account k = (b − a)=b = 3=2 we have P + = (k; 0; −k) ∈ D +1 = {(x; y; z)=x ¿ 1} ; P 0 = (0; 0; 0) ∈ D 0 = {(x; y; z)=|x|61} ; P − = (−k; 0; k) ∈ D −1 = {(x; y; z)=x ¡ −1} :
In a wide zone of the parameter plane ( ; ÿ) the trivial equilibrium point P 0 is of saddle-focus type [4] . It has an unstable local manifold E U (P 0 ), given by a line and a stable local manifold E S (P 0 ), given by a plane. The non-trivial ÿxed points are of saddle-focus type too, but their stable local manifolds E S (P ± ) are lines and their unstable local manifolds E U (P ± ) are planes [1] . Although system (1) presents a great gallery of strange attractors [5] , we focus our attention on the transition from two asymmetric attractors, called R ossler's attractors [6] , to a symmetric attractor, called Chua's attractor or Double Scroll [7] . R ossler's attractor is characterized by a ow around the trivial and one of the non-trivial equilibrium points, while the ow in Chua's attractor involves the stable and unstable local manifolds of the three equilibrium points. Experimentally this transition, called the Birth of the Double Scroll, was described by Matsumoto et al. [7] like an abrupt glue of the asymmetric chaotic attractors. This author also described the Death of the Double Scroll, by a collision of the attractor with a saddle-type close orbit, which surrounded the Double Scroll.
Chua's system (1) also presents a symmetric principal homoclinic orbit of Shil'nikov type, around the trivial equilibrium point, which can be numerically observed after the Death of the Double Scroll has taken place. This has been shown for a system with a cubic polynomial odd-symmetric transference curve, by Khibnik et al. [4] .
In Section 2 we deÿne a one-dimensional map for system (1) to be used in the analysis of the global unstable structure of the homoclinic phenomena. We also describe how the behavior of this map becomes complex, when we approach the Birth of the Double Scroll frontier, when we increase the value, from the critical value of a spiral-screw R ossler's transition.
In Section 3 we calculate several periodic orbits which can be found in the R ossler's and Chua's attractors and show how they lead to secondary homoclinic orbits of Shil'nikov type [8] , connecting unstable and stable manifolds of the trivial equilibrium point.
In Section 4 we sketch the several changes in the dynamical behavior of the attractors on the parameters plane and how they are related with homoclinic systems for the asymmetric attractor and heteroclinic systems for the symmetric attractor, connecting the unstable and stable manifolds of the non-trivial equilibrium points.
Finally, in Section 5, taking into account the global behavior of those homoclinic and heteroclinic systems, we suggest a hypothesis about the Birth of the Double Scroll structure on the ( ; ÿ) plane.
One-dimensional PoincarÃ e map
In a wide zone of the parameters plane ( ; ÿ) the Jacobian matrix, evaluated at the non-trivial equilibrium points P ± , has a real negative eigenvalue whose modulus is large compared with the other eigenvalues [1] . Then, we assume that trajectories, coming from the D 0 region to the D ±1 regions are attracted almost instantaneously to the unstable manifolds E U (P ± ). This property allows us to deÿne a one-dimensional map (1-D map), computing the ow transition across two semi-inÿnite planes: W + and W − , perpendicular to E U (P + ) and E U (P − ), respectively, and containing the non-trivial equilibrium points. The ow strikes W ± near the planes E U (P ± ). To improve this behavior, we choose points Fig. 1 . The deÿnition of W ± (not shown in Fig. 1 ) is completed taking into account the condition
U (P ± ) ∩ W ± which corresponds to the semi-inÿnite lines where the ow approximately crosses W ± . We take like a measure of the cross point position (r), the quadratic distance from this point to P + or P − , according to the plane (W + or W − , respectively) to which the cross point belongs. Although we have two di erent semi-inÿnite planes (one in each subspace deÿned by the stable manifold of the trivial equilibrium point E S (P 0 )), we compute only one 1D-map [9] f :
For R ossler's attractor, the ow that begins at the upper subspace, remains in this subspace. Then, a cross point and its ÿrst iterate are computed on W + . The r n and r n+1 coordinates of the 1-D map are the quadratic distance from the cross points to P + . For Chua's attractor, the ow that begins at the upper subspace can travel to the lower subspace. In this case, we compute a cross point on W + and its ÿrst iterate on W − . The r n abscissa of the 1-D map is the quadratic distance from the cross point to P + and the r n+1 ordinate is the quadratic distance from this point to P − . The following iterate can be computed on W − or W + , depending on whether the ow remains on the lower subspace or travels to the upper subspace.
Additionally, for R ossler's attractor, we deÿne the points H ± (or simply point H ) on the P ± G ± (or simply PG semi-inÿnite line) as the point of maximum abscissa in the 1-D map. For Chua's attractor, we deÿne H as the point on the PG line for which the ow strikes exactly on the trivial equilibrium point stable manifold E S (P 0 ). Then, in both cases, we normalize the 1-D map coordinate by taking the quadratic distance of the point H to the equilibrium point P as r = 1. Fig. 2 shows the 1-D map (3) for and ÿ values for which the Double Scroll attractor is observed. We remark the presence of small oscillations at both sides of the H point position on the map, which represent the winding ow around the unstable manifold E U (P 0 ), in the D 0 region and near the stable manifold E S (P 0 ). By ÿxing ÿ = 14:3 and increasing continuously, we observed an increase in the number of relative extremum. The asymmetric ones (left H ) in R ossler's attractor are observed for 8:80 ¡ ¡ 8:813232 and the symmetric ones (right H ) in Chua's attractor for 8:813232 ¡ ¡ 10:73. The parameter's value estimated for the Birth of the Double Scroll is BDS = 8:813232 and DDS = 10:73 is the parameter value estimated for the Death of the Double Scroll for which the dynamics has been completed. For BDS we observe several of these small oscillations at the left side of H , by increasing the accuracy of the calculation. We believe that there would be an inÿnite number of oscillations if the exact BDS could be numerically achieved [8] . For = 8:815 we also observe several of those oscillations close to and on the right side of point H . Chua's attractor has been born in a complex manner.
Secondary homoclinic orbits
The spiral-screw chaos transition line a in the two parameter plane (see Fig. 3 ) is characterized by the rising of the right-hand branch of the ÿrst relative minimum at the 1-D map [11] . Gaspard et al. [10] pointed out that there are two families of superstable period-n orbits constructed by requiring that the maximum or minimum of the R ossler's 1-D map belongs to the orbit. These two families of superstable orbits with increasing periods accumulate on the end point of a line of a homoclinic system a in a two parameter plane given by the coordinates of the minimum. Taking the 1-D map described in the last section, for a mesh of the parameter values ( ; ÿ) we interpolate numerically the shape of the map in the linear and quadratic principal maximum regions. We also estimate the relative extrema coordinates and the point H ordinate, for a wide zone of the ( ; ÿ) plane. Then, we calculate the geometrical locus of the period-3 orbits spawned by the relative extrema of the 1-D map. Observing the principal maximum behavior on the 3-map (deÿned as: r n+3 = f 3 (r n )), we sketch the period-3 geometrical locus on the parameters plane spawned by this maximum, as Fig. 3 shows. Period-3 orbits with an iterate at one of the relative extremum have two branches: the lower (upper) branch which corresponds to an orbit that starts at the relative extremum, has one iterate at the linear region of the 1-D map and one iterate at the quadratic maximum region, left-(right-) hand side of this maximum. Each branch is born at a new transition chaos-chaos line in the ( ; ÿ) plane. The birth point corresponds to a doubly superstable period-3 orbit [10] . We also remark that the period-3 orbits to which the principal maximum belongs are continuous in the parameter plane.
We focus on the period-3 orbits spawned by point H , for which the symmetrical ow winds three times around one of the non-trivial equilibrium points and injects exactly at the trivial equilibrium point stable manifold (3 − H orbits) [12] . Moreover, we estimate the geometrical locus in ( ; ÿ) of a sequence of period-n orbits (n = 2; 3; 4) that consist of (n − 2) iterates on the linear region of the map and one iterate on the quadratic maximum region (left and right to this maximum), starting at point H . Because of the deÿnition of this point, these period-n orbits are secondary symmetrical homoclinic orbits of Shil'nikov type [8] connecting the unstable and stable P 0 manifolds, winding n (n = 2; 3; 4) times the non-trivial equilibrium points. Fig. 4 shows its geometrical locus in ( ; ÿ) plane. Indeed, each n − H curves has two branches: nl − H (upper branch) and nr − H (lower branch).
From the analysis of the n-map, near the point H; we observe asymmetric and symmetric period-n orbits for parameters values near ( ; ÿ) values for which a secondary homoclinic orbit is observed. Fixing the value of ÿ, varying continuously and taking into account the time that the period-n orbit takes to complete a cycle, we can group them in wiggles around the n−H value (for which a nl−H or a nr −H homoclinic orbit is observed). From the local analysis developed by several authors [8, 10] , we know that the period-n orbits are of saddle-stability type for values near n−H . They have small windows (in the parameter ) of deÿned stability: for system (1) these windows are stable if ¡ 7 and totally unstable if ¿ 7. These windows can be observed near parameter values where a tangent bifurcation occurs. Thus, the continuous branches of period-3 orbits spawned by the relative extremum of the map (see Fig. 3 ) show approximately the locus in the ( ; ÿ) plane of these totally deÿned stability windows.
Homoclinic and heteroclinic orbits
For system (1) the end point of the homoclinic system a associated with the spiral-screw transition a [10] is observed at = 14:7 and ÿ = 29:0. These homoclinic orbits are asymmetric and connect the unstable and stable manifolds of the non-trivial equilibrium point. The minimum associated to this ÿrst transition has a null ordinate in the 1-D map. In Section 2 we have pointed out that the number of relative minima increases for parameters values between this ÿrst chaos-chaos transition and the Birth of Double Scroll. Each new dynamical transition on the R ossler's attractor is associated with the presence of a new homoclinic system [11] (Fig. 5) . On the other hand, when Chua's attractor is observed, the number of relative minima at the right of point H increases when we increase the value, ÿxing the ÿ value. Then, we point out the presence of a line of heteroclinic systems whose end point is on the respective transition lines on the ( ; ÿ) plane (Fig. 5) . In particular, for = 9:2 and ÿ = 14:3 we observe a 1-D map with a rising most right minimum with null ordinate: the unstable P + manifold is connected with stable P − manifold and unstable P − manifold is connected with the P + stable manifold, creating the A heteroclinic line on the ( ; ÿ) plane.
Conclusions
We ÿnd three families of secondary homoclinic orbits merging with Chua's attractor. Each branch of the n −H homoclinic family is associated with two wiggles of period-n orbits: one for the asymmetric and one for the symmetric cycles. Windows (in the parameters plane) characterized by a deÿned stability may explain the sequence of alternating chaotic and periodic behavior of system (1) reported by several authors [1] and [7] .
We also have numerical evidence that there are other secondary homoclinic orbits of Shil'nikov type of higher order and we suppose that they will accumulate at some point on the BDS line.
We also point out several chaos-chaos transitions in the sinus of R ossler's (asymmetric) attractor in the ( ; ÿ) plane. Each transition is associated with the end point of a line that represents a family of homoclinic orbits around the non-trivial equilibrium point which accumulate on the Birth of the Double Scroll line by the left. Chua's (symmetric) attractor also exhibits several chaos-chaos transitions on the parameter plane, which are associated with heteroclinic closed orbits between the non-trivial equilibrium points which accumulate on the Birth of Double Scroll line by the right.
